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The sensitivity of hydraulic head responses to spatially distributed hydraulic parameters is essential for uncer-
tainty analysis, inverse modeling, and parameter estimation and interpretation. This study formulates the Fréchet
sensitivity kernel of hydraulic head responses to a suddenly rising boundary and a sinusoidal head fluctuation
boundary to variation of spatially distributed hydraulic parameters in a semi-infinite, one-dimensional (1-D),
confined aquifer, and it then derives analytical solutions. Different from previous studies that derived expressions
for Fréchet kernels in the time domain for a 2-D pumping test, this study is the first to derive the closed-form
Fréchet kernels in time and frequency domains for a semi-infinite, 1-D, confined aquifer. This study uses the
Fréchet kernels to investigate the nature of singularities in the spatial sensitivity functions around the obser-
vation location and boundary. The information content revealed by observation of head change or head fluc-
tuation amplitude at a given specified location and time (or frequency) under the above two boundary conditions
is different. When comparing Fréchet sensitivity kernels across various times or periods, multi-frequency in-
formation, much like multi-time information, can be instrumental for hydrogeological parameter inversion. The
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explicit-form Fréchet sensitivity kernels also identify the optimal time or period for obtaining measurements.

1. Introduction

Sensitivity analysis explores the response of model output to the
change of its inputs. Sensitivity coefficients can reveal model charac-
teristics (such as aquifer heterogeneity (Huang and Yeh, 2007; Leven
and Dietrich, 2006)) and provide a better understanding of the system
and its behaviors. Sensitivity analysis also plays a vital role in inverse
problems (Kitanidis and Vomvoris, 1983; Yeh, 1986), such as selecting
the most effective observation information and its sampling locations,
types, and optimum times (Mao et al., 2013; Pechstein et al., 2015; Sun
etal., 2013; Yeh and Liu, 2000; Zha et al., 2014). Sensitivity analysis has
been used successfully in a variety of groundwater flow applications (e.
g., the design of optimal pumping and injection schemes and the esti-
mation of aquifer parameters from monitoring data) (Copty et al., 2011;
Manewell et al., 2023; Mclaughlin et al., 1996; Pechstein et al., 2015).

Aquifer characterization is essential to accurately predict and
monitor the migration of groundwater contaminants (Dagan, 1982b,a).
Accurate delineation of local groundwater flow directions and hydraulic
gradients is difficult unless the spatial distribution of aquifer
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parameters, such as transmissivity T, and storativity S, could be char-
acterized in detail (Carrera and Neuman, 1986; Clifton and Neuman,
1982; Kitanidis, 1995; Kitanidis and Vomvoris, 1983). In many cases
(Pouladi et al., 2021; Shuai et al., 2017; Sobolevskaia et al., 2021), S was
considered uniform and attention had been focused on the spatial
variability of diffusivity (D, the ratio of transmissivity T to storativity S).
This problem is especially important if the two parameters are corre-
lated as estimated values of T and S are expected to be disproportion-
ately sensitive to groundwater flow. Therefore, the joint estimation of T
and S is needed (Castagna et al., 2011; Zhao and Illman, 2021).

To capture the complex distribution of aquifer properties, hydraulic
tomography (HT), to collect non-redundant drawdown data by switch-
ing pumping locations in the aquifer has been proposed by Yeh and Liu,
(2000), and the data are subsequently interpreted using an adjoint state
method to construct sensitivity and stochastic cross-correlation re-
lationships to map a heterogeneous medium. Following the tomographic
survey concepts, Sun et al. (2013), Zha et al. (2014), and Xia et al.
(2023) mapped the aquifer properties by its head responses to river-
stage rises or pumping test under different temporal sampling to
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characterize heterogeneous aquifers under the influence of reservoir
impoundment, river channels or pumping.

Recently, a method for determining the hydrogeological parameters
of aquifers, based on head propagation due to tidal variations has been
proposed (Erskine, 1991; Fischer et al., 2020; Trefry et al., 2011; Trefry
and Bekele, 2004; Zhang, 2021). In these studies, the amplitude and the
phase shift of the observed steady-periodic signals at the observation
wells were used to reveal the spatial structure of aquifer properties
(Shuai et al., 2017; Sobolevskaia et al., 2021). Unlike the head response
to river stage rise, the fluctuations of hydraulic heads in response to tidal
variations are quasi-steady, with a fixed frequency equal to the tidal
boundary (Mohri et al., 2010). However, head response to tidal varia-
tion and river stage rise shows common characteristics: for example, the
amplitude of tidal variation decays along the distance, similar to the
propagation of hydraulic head caused by a river stage rise (Vandenbo-
hede and Lebbe, 2007). Moreover, the periodicities (frequency) of the
tidal responses at different distances are analogous to arrival times of
head propagation (Hwang et al., 2020; Johnson et al., 2012; Qi et al.,
2022; Wang et al., 2019). The arrival time of the head propagation in
aquifers is generally fast near the river bank, corresponding to a high-
frequency fluctuating signal of tidal variation (Rowe, 1960; Trefry,
1999).

HT relies on a highly parameterized geostatistical inverse model,
where the calculation of sensitivity maps plays a crucial role (Zha et al.,
2020). Sensitivity maps, or more formally Fréchet sensitivity kernel
(Oliver, 1993), measure the sensitivity of a single hydraulic head
observation to all independent spatial parameters within the area of
interest (Mazzilli et al., 2010). Fréchet kernel determines the effective
“volume of influence” or “spatial weighting functions” that a perturba-
tion expansion causes the resultant small change in the measured output
under the assumption that the hydraulic parameter is spatially uniform
(Knight and Kluitenberg, 2005). Fréchet kernels can be equivalent to
sensitivity analysis, showing that a travel time measurement has the
sensitivity to aquifer parameters everywhere along a ray path. Based on
sensitivity analysis, the most effective observation information, such as
sampling locations (Slooten et al., 2010), types (Zha et al., 2014), and
optimal times (Sun et al., 2013) can be selected in geostatistical inver-
sion. Optimal test design could be achieved from the Fréchet sensitivity
kernel whereby, for instance, increased input measurements and sam-
pling at points of maximum sensitivity improve the accuracy of aquifers’
estimated parameters. As such, the computation of the Fréchet sensi-
tivity kernel stands as a preliminary yet a crucial step in geostatistical
inversion, geared towards a thorough understanding of aquifer hetero-
geneity (Leven and Dietrich, 2006).

Additionally, Fréchet kernels are used to interpret and estimate
spatially averaged transmissivities for the case of single-well pumping
tests. For example, Copty et al. (2011) developed a Continuous-
Derivation method to yield time-dependent transmissivity from
constant-flow pumping tests in heterogeneous and confined aquifers and
interpreted transient drawdown data by Fréchet kernels. Pechstein et al.
(2015) used Fréchet kernels and the time-derivative of the Fréchet
kernel to obtain estimates of representative flow parameters.

Typically, the Fréchet sensitivity kernel can be obtained numerically
using the perturbation, adjoint state, and sensitivity equation methods.
The benefits and challenges of each method have been extensively
dissected in prior research (Knight and Kluitenberg, 2005; Leven and
Dietrich, 2006; Lu and Vesselinov, 2015; Zha et al., 2020).

Time series of groundwater head induced by boundary forcing in a
semi-infinite, 1-D, confined aquifer can be decomposed into two types of
fundamental signals: head rise signal induced by a sudden rising
boundary head (Heaviside function), and head variation signal induced
by a sinusoidal head fluctuation of a specific frequency at a boundary.
These two fundamental signals, from temporal and frequency-domain
perspectives, respectively, can thus recover the original time series via
temporal convolution or superposition. This paper aims to derive the
Fréchet sensitivity kernels for a 1-D semi-infinite confined aquifer due to
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sudden rising boundary head and tidal variation signal via the sensitivity
equation based on the work of Zha et al. (2020).

Unlike previous studies of Fréchet kernels in the time domain for 2-D
pumping test problems, this study derives the Fréchet kernels for a 1-D
semi-infinite aquifer to characterize aquifers under the reservoir
impoundment and river channels. It further derives explicit-form
Fréchet kernels in the frequency domain for the first time, which is
significant in characterizing coastal aquifers. The explicit-form Fréchet
kernels yield considerable insight into the properties. Ultimately, our
analyses of Fréchet sensitivity kernels can facilitate a swift and
straightforward interpretation of hydraulic and geophysical inversion
problems, contributing valuable insights to both fields.

2. Statement of the problem
2.1. Governing equations and related analytical solutions

Case 1: Sudden rise of the river stage

The propagation of groundwater hydraulic head induced by a sudden
rising boundary in a semi-infinite, confined, 1-D heterogeneous aquifer
can be quantified by the following equation:

5[ | s #1520 @

where t [T] represents time and x [L] denotes the horizontal coordinate.
S(x)[dimensionless] and T(x) [L2%/T] represent the spatially-varying
storativity and transmissivity parameters, respectively. H(x, t), [L], is
the hydraulic head at x and t. Additionally, the initial and boundary
conditions for this situation are:

H(x,t) =H,, t=0 (2.2)
H(0,t) = Ho + H; (2.b)
H(oo,t) = Hy, x—>00 (2.0)

where Hj [L] denotes the initial constant groundwater head over the
aquifer, while H; [L] represents the elevation of the river stage rise at the
boundary (x = 0) att = 0, representing a Dirichlet boundary condition.
The rising river stage boundary is assumed to rise at t = 0 and remains
constant over time.

If the boundary is a Neumann boundary condition with a fixed flux, g
[L2/T], Eq. (2.b) is replaced by:
TM =gq 2.d

ox |,

In the case that storativity and transmissivity are spatially uniform
with values T and S, the head solution (excluding the constant
groundwater level Hy) for Egs. (2.a)-(2.c) (Welch et al., 2013) is:

H(x,1) = Hserfc(#ﬁ) 3)

z
where erfc(.) is complementary error function, and erfc(z) = % J e du.
0

D [L2/T] is the aquifer diffusivity (equal to T/S). Letting
we have H(x,t) = H;erfc(a;x).

If the Neumann boundary condition (Eq. (2.d)) is considered, the
solution to Eq. (1) is:

1 -1
v —a (L),

H(x,t) = — aliTierfc(a]x) 4

where ierfc(.) is the integral of the complementary error function, and
z

ierfc(z) = [ erfe(u)du = %exp(—zz) —zerfc(z).

—o0

Case 2: Tidal variation of the river stage
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Instead of a sudden rise at a constant head at x=0and t = 0, we
now consider the variation as a periodic cosine function in time, rep-
resenting tidal fluctuations. Using Euler’s formula, we represent the H;
as the real part of a complex expression, and at x = 0, Eq. (2. a) is written
as:

H = Hy + H,cos(wt + @) = Hy + Re(H,e™") (5)

where i = /=1 is an imaginary number, » [T'] is angle frequency, ¢
[dimensionless] is the phase angle, and Re(.) represents the real part of a
complex expression. Assuming t, [T] is the period, we have t, = 2%
Furthermore, we assume that the head fluctuation has reached a steady
state with the frequency @ [T~'] (Guo et al., 2010; Guo et al., 2007; Li
et al., 2006; Trefry and Johnton, 1998).

In this case, the head response can be expressed in a complex form:
H(x,t) = Hy + Re(G(x,w)e®"), where G(x, ) is the complex frequency
response function for the aquifer. The amplitude of the head oscillation
[L], and the phase shift between the
head at the tidal boundary and the location x is, P =

at location x is Ag = |G(x, w)e

arg{G(x, )e} —arg{H,e*} [dimensionless]. By utilizing the complex
expressions of H(x, t) in Eq. (1) and its boundary conditions Eq. (2), we
obtain a 1-D governing equation for flow in the heterogeneous aquifer
under steady periodic oscillation,

i} 0G(x,w)] .

po |:T()C)T:| = Sx)inG(x, w) 6)
G(x,w) = Hy, x—0 (7.a)
G(x,w) =0, x>0 (7.b)

Likewise, analytical solutions for heterogeneous aquifers do not exist
except for a spatially uniform case with values T and S (Sobolevskaia
et al., 2021):

G(x,w) = Hsexp ( - \/%x> (8)

Letting /%5 = ay[L~"], we have G(x,w) = H;exp( —axx)exp( —axxi),

and substituting it into H(x,t) = Hy + Re(G(x,)e), we obtain:
H(x,t) = Hy + H,exp( — arx)cos(wt — arx) )

Eq. (9) shows that the amplitude and phase shift at location x are
A = Hiexp( —ayx) and Pg = arctan( —asx), respectively.

2.2. Sensitivities and Fréchet kernels

It is easy to show the connection between traditional sensitivities and
Fréchet kernels. We compare the Fréchet kernels with the following
numerical solutions. We define the traditional sensitivities I ~ %x,-’ which
is the effect of x perturbation in the subdomain x; on an observation u
(hydraulic head, amplitude, and phase shift). Many studies (Copty et al.,
2011; Knight and Kluitenberg, 2005) have indicated that the sensitivity
coefficient I is equal to the spatial integrals over the subdomain region of
the corresponding spatial sensitivity functions (Fréchet kernel, F), i.e.,

I= /Fdx (10)

“
2.3. Dimensionless variables

All results of this study are expressed in terms of dimensionless
variables such that they are scalable. Specifically, the head or fluctua-
tion observation distance x, and dimensionless observation distance xz,
the perturbation parameter distance xy and the dimensionless param-
eter distance xy, the frequency w and the dimensionless frequency o",
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and the time t and the dimensionless time t* are converted as follows:

* Xy
Xy :;0
xz :&:1
Xo
. Tt an
757)@
« S
O =X
T

3. Sensitivities of head or fluctuation change to homogeneous 7'
orS

This section examines the sensitivities of the hydraulic head or
fluctuation in a homogeneous aquifer using the simple derivation
method of the above two cases.

We define the total sensitivities I, as the sensitivity of H or Ag/Pg at
location x, at a given time t or frequency w to change in T and S values of
the homogeneous aquifer. According to Eq. (3) and Eq. (8), we can easily
obtain:

dH (x,,1) Hx,exp(—x,>S/4T)
Tusor = = — (12.a)
ot ds 2/S\/IT]S
dH(x,,t)  Hx,exp(—x,2S/4T)
Iyt o0 = L= (12.b)
ot dT 2\/aT/1T/S
Lo dAgx,0) Hf"ox/%exp(*xo ) 120
AS.tot — dS - 2\/55 .
Al P fen(onyB) aza
AT tot — dT - 2\/27, .
P ,
Ipguy = 0 0) Lo (12.e)
as \/@(ZT-&-SaJx(,Z)
AP (x,, @) x5
IPT.mr = = (12f)
dar V22T + Swx,?)

where Isior [L], Turor [L7 T1, Instor [L1, Iatsor (L T, Ipso [dimen-
sionless] and Ipr tor [L2T] represent the total traditional sensitivity co-
efficient of the hydraulic head, amplitude, and phase shift at the
observation point to storativity and transmissivity throughout the
domain, respectively.

The dimensionless forms of the total sensitivities I, (Egs. (12.a)—(12.

f)), are:

. S exp(—1/4t"

Ths 101 :EIHS.W = - P; /—”7;% ) (13.3)
. T exp(—1/4t"

Inrjo = ﬁlﬂnm = % (13.b)
. S o exp(—a" V2

s = EIAS.mr = —% (13.0)
. T o exp(—w" V2

IAT.zm = ﬁIAT,tol = % (13.d)

Insior” = Slosyor = ——m = (13.€)

' V22 + 0*)
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Fig.1. (a) Dimensionless head total sensitivity coefficient to storativity, Iyss: , and total sensitivity coefficient to transmissivity, Iyrs: , as a function of dimen-

sionless time t". (b) Dimensionless total amplitude sensitivity coefficient to storativity, Ins o total amplitude sensitivity coefficient to transmissivity, InTso0 , total

phase shift sensitivity coefficient to storativity, Ips o, and total phase shift sensitivity coefficient to transmissivity, Ipro¢ as a function of dimensionless period tp* for

the tidal case.

B

v
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It must be emphasized that the dimensionless total sensitivity co-

(13.0)

IPT,zm = TIPT,tm =

efficients, I,,,, depend on the distance of the observation point from the
boundary, although this is not explicit in the forms of (Egs. (13.a)-(13.
1), as they are only functions of dimensionless variables ¢ or w".

Fig. 1(a) shows the dimensionless head sensitivities to storativity
(Ins o ) and transmissivity (Iur: ) as a function of dimensionless time
t". The tidal response’s dimensionless amplitude sensitivities to stor-
ativity, Inssr , and transmissivity, Iare, are illustrated in Fig. 1(b),
which also displays the phase shift sensitivities to storativity (IPS,tot*) and
transmissivity (Ipr.; ) as a function of the dimensionless period tp*
(dimensionless period and tp* = 37’5).

According to Figs. 1(a) and (b), the sensitivities to T and S have the
same patterns, but opposite signs for the homogeneous aquifer. For the
sudden rising boundary, IHT,m[* is always positive and reaches the
highest peak value at the time t,,,” = 0.5, when Iys,, reaches negative
maximum. The results are different from a pumping test in a 2-D domain
for the homogeneous aquifer. At early times the head at the observation
well is positively correlated with T. It becomes negatively correlated
later, and at the intermediate time when the sensitivity of H and T is
zero, the sensitivity of the H and S reaches a negative maximum (see
Fig. 1(a) in Sun et al., 2013).

Similar to the tidal response in Fig. 1(b), amplitude sensitivities and
phase shift sensitivities have the same patterns as head sensitivities and
reach the highest peak value at the period t,.;" ~ 4.44. These results
suggest that signals at the observation location due to the excitation
from the rise of the river stage or tidal oscillation carry the same in-
formation about T and S of an aquifer.

4. Deriving the Fréchet kernel via the sensitivity equation

This section examines the Fréchet sensitivity kernels of the hydraulic
head or fluctuation at a given location as a function of time or frequency
to unknown parameter values in a heterogeneous aquifer, using sensi-
tivity equations for the above two cases.

In the following context, we assume that the T(x) and S(x) in the
aquifer are stochastic fields characterized by ensemble statistics (means
and covariances). They satisfy the stationary assumption in geo-

statistical theory with spatially uniform means with random local vari-
ations. These mean values are denoted as (T) and (S). Consequently, the
derivatives of the Fréchet sensitivity kernels are assessed at the
ensemble mean parameter values rather than specific realizations of the
random field. The resulting sensitivities are the ensemble mean sensi-
tivities, which could be used to evaluate the cross-covariance behaviors
between the head and parameter perturbations. Besides, this approach
allows us to derive an explicit-form Fréchet kernel since it is calculated
as the integration of head or fluctuation solution (governed by
groundwater flow equation Eq. (3) or (8)) and sensitivity equation
(governed by sensitivity equation, Eq. (14) or (16)), the closed forms
that only exist for ensemble homogeneous cases.

The aquifers considered are heterogeneous, but the Fréchet kernels
approach assumes the aquifers are homogeneous in the ensemble mean.
It yields sensitivities different from those in a spatially homogeneous
aquifer in Section 3. The approximation embedded in Fréchet kernels is
restricted to scenarios with small-variance heterogeneity.

4.1. Sensitivity equations for heterogeneous T and S fields

Case 1: River stage rise as a time function

Suppose we are interested in the sensitivity of hydraulic head H(x,, t)
at the location x, and time ¢, induced by river stage rises, to a change in
the parameter Y (i.e., T or S) at the location xy in a heterogeneous
aquifer. Defining ¢y (x,,t; Xy) = 0H(x,,t)/0Y(xy), and differentiating Eq.
(1) with respect to Y, we have the sensitivity equation:

0 Oy (x,1) n 0T (x) 0H(x,t)

w0 Tt o
B Opy(x,1)  OH(x,1) 0S(x)
=St T oY) a4

The associated initial and boundary conditions for the sensitivity
equation are

¢H(x7 t) = 07 t=0 (15.a)

(15.b)

¢u(x,1) =0, |x — xy|>00

Of course, one must solve Eq. (1) for H(x, t) with given T(x) and S(x)
fields and initial and boundary conditions for the flow. H(x,t) then is
used in Eq. (14).

Case 2: Tidal variation as a frequency function
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Next, we examine the sensitivity equation of the complex frequency
head response, G (x,, ), at the location x,, induced by the tidal varia-
tion, to a change in the parameter Y at the location xy in a heteroge-
neous aquifer. Denoting the sensitivity as ¢g(X,, w;xy) = 0G(x,,
)/0Y(xy), and differentiating Eq. (6) with respect to Y, we have the
sensitivity equation:

ax ag;c aYa(Zy) Z—f = i0Spg + in% (16)
with the initial and boundary conditions:

$o(x, 0) = 0, x>0 (17.2)
$6(x,0) =0, |x — xy|—>00 (17.b)

To solve the above sensitivity equations, we use the method of image
wells (or the principle of superposition) since these equations involve
the change of a parameter at a given location within the flow domain.
The following sections illustrate the application of the method.

4.2. Sensitivity of H toS

In this case, we replace Y with S in Eq. (14) and assume that T and S
are independent. Eq. (14) becomes:

a% {T( )‘)"’”a(;‘ t)} ‘)Hgl‘* D §(x — xy) = s(x)a’/’”T(f’t) (18)

Eq. (18) is the sensitivity equation for ¢(x,t) that describes the
impact of the change in S value at the location xy on the hydraulic head,
H(x, t), over the domain at all times. Notice that §(x —xy) is a Dirac delta
function that is zero everywhere except a single point x = xy where it
becomes infinity and it describes the effect of S perturbation on the
result when we focus only on xy. Therefore, the second term on the left-
hand side of the equation is the rate of change in the hydraulic head at
that location. It is a time-varying excitation that drives the spatiotem-
poral variation of ¢ (x,t) with given initial and boundary conditions
described by Egs. (15. a) and (15. b). Again, T(x) and S(x) must be
specified and the rate of change in the hydraulic head at location, xy,
must be given.

Analytically solving the sensitivity equation (Eq. (18)) is out of the
question. As a result, a temporal convolution (Duhamel’s superposition
integral) is used for the calculation of ¢y (x, t) based on the superposition
principle (Zha et al., 2020). According to Duhamel’s superposition in-

tegral, we can get ¢y (x,t) = [ 0H et (/)0( x,t — 7;xy)dr, where ¢ (x, t; Xy)
is a fundamental solution descrlblng the sensitivity of the hydraulic head
by a unit impulse at time 0 and location xy. ¢ (x, t; xy) in a realization of
heterogeneous S fields is governed by:

2 [T( )(’g")} 3= x)6(1-0) = 5() 2o 19)

subject to the given initial and boundary conditions (i.e., Egs. (15. a) and
(15. b) with ¢y replaced by ¢,). Notice that the second term on the left-
hand side of Eq. (19) exists only at t = 0.

The detailed process of solving Eq. (19) by the method of image well
is shown in Appendix A, where ¢, is:

1 \/B[ex( lxy—x|*
27 V7 P apr
JH

Gy, is given by Eq. (3):

[xy+x|*
4Dt

bo(x, t;07) = — )fl/z —exp(— )til/z] (20)
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o0H Hxy Xy? Y
o, T ovaD© (= 4Dt)t (21)

Since the convolution can be solved conveniently by Laplace trans-
form due to the fact that #[ [; f(¢t — 7)g(t)dr] = Z[f(t)]Z[g(t)], where
2(.) is Laplace transform, we first obtain the Laplace transform of ¢,

Do) = 7(90) 7 <‘)” )

H,
= ZT\\?_' p(— \/7)(}/ )[exp( \/7|Xy—x‘ ) — exp( \/7|Xy+)€| (22)

where p [T 1] is the Laplace transform parameter.
According to the inverse Laplace transform, we have

Fs = (]SH()C(,,Z‘;Xy)

__HVD (xr + Jxy = x|)? (y + by +x,1)°
= v [exp( ADr ) — exp( D ) (23)

where Fs [dimensionless] is the sensitivity of head response H(x,,t) on S,
i.e., the Fréchet kernel of heterogeneous storativity on head response.

4.3. Sensitivity of H toT

Note that any function times the Dirac delta function (e.g.,
f(x)5(x — x.)) will result in missing information of f(x) except its value
at point x = x.. That is, f(x)é(x—x.) should be considered as
f(xc)6(x — x;) before it is applied with the outer partial derivative
operator. Since f(x,) is a constant number, it can be directly taken out of
the derivative. As a result, replacing Y with T at location xy, Eq. (14) can
be rewritten as:

a¢H OH oy
ox { ox } +& {6()( —) 6x} SW (29)

The derivative of the Dirac delta function can be written in a limit
form:
a9 { 6¢H] +aH

ox | ox | ox -

95(x — xy) _ Oy
{T} =85—=" (25)

Referring to Eq. (19), the fundamental solution ¢ of the equation is

subjected to £ [T %m] + {‘)‘“X—XY] (t—0) = S%m, and the limit operators

can be replaced by the partial derivative. Comparing Eq. (19) with this
equation, we can get:

0L (¢y)
L) = ox (26)
and %[ is given by Eq. (3):
oH| H, xy?
Ex, = - \/mexp(fm) (27)

Similar to Eq. (22), we can get:

L) = L) 7 (f)—”

X xy)
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%exp(— %xy) {exp(— \/%(x—x;/)) +exp(— \/%(XY +x))}, Xy < X

_ 28)
H
ﬁe}cp( - \/%Xy) {7 exp( — \/%(Xy 7x)) +exp( - \/%(XY +x)> }, Xy > X
According to the inverse Laplace transform, we have = 0,|x —xy|—>o0.
First, we can consider a fundamental form of Eq. (30), similar to Eq.
Fr = ¢y (xo, 1; xy) 19):
Hy (xy + Jxy —x,))° (xy + |xy +x,|)°
27Dt exp( aD1 + exp D1 , Xy < X,
- 2 2 29)
HO (Xy+|Xy7xo‘) (Xy+|Xy +x0|)
2T\/bw75 exp< 4Dt + exp aDr , Xy > X,
where Fy [L2 T] is the sensitivity of head response H(x,, t) on T, i.e., the
Fréchet kernel of heterogeneous transmissivity on head response. 9 { %] F6(x—xy) = iwSp 31)
ox | ox &

4.4. Sensitivi G toS
ensitivity of G to subject to the initial and boundary conditions ¢,(x,w) = 0,x—0 and

¢g(x, ) = 0, |x —xy|—>00. According to Eq. (8) and the method of image

To explore the sensitivity of tidal response on storativity, replacing Y
well in Appendix A, the fundamental solution of Eq. (31) is:

to S at the location xy, Eq. (13) can be simplified as

Jd [, .0 T 1 ioS ioS
a{ %] —iwG(xy)S(x —xy) = ioSpg (30) ¢, = 1/% 57 [exp(— q/%xY—ﬂ) —exp(— \/%\xY +x|>

. . os 32
with the initial and boundary conditions ¢ (x, @) = 0,x—0 and ¢¢(x,) (32)
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Fig. 2. (a) The T and S have a lognormal distribution with a correlation length of 30 m, where the means, y, for T and S are 1 m?/d and 0.01 and the standard
deviations, o, are 0.5 m?/d and 0.005; Sensitivities of H at x = 20m and t = 2d to (b) S or (¢) T calculated by perturbation (as the dots show) under heterogeneous
parameters (Fig. 2(a)) or homogeneous parameters versus calculated by Fréchet kernels (as the lines show). Sensitivities of Ag at x = 20mand t, = 2dto (d) Sor (e) T
calculated by perturbation (as the dots show) under heterogeneous parameters (Fig. 2(a)) or homogeneous parameters versus calculated by Fréchet kernels (as the
lines show).
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Different from Eq. (18) with a variable rate, —iwG(xy) in Eq. (30) isa
constant, so we can directly obtain the solution as:

Ms = ¢ (x,, w; xy)

_iwG(xy) | T i0S | | ioS |
o1 Niws|“P\ TV Pl e T
+x,)|>:|

ia)exp( -4 /ins)Cy>
a 2T
- \/@Lr + %]
T Y 0

ioS

en{ ) o

ioS
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First, we think of the fundamental solution ¢, of the equation is

subjected to 2 [T %] + {W] = iwS¢rs. We can find that the solu-

tion of ¢ is similar to ¢y, i.e., the derivation similar to Eq. (26), so the
solution of ¢; can be easily obtained:

_ 9,
"= o

Similarly, Eq. (34) describes a pumping test with a pumping well at
xy and a complex pumping rate:

(35)

H, JioS j iwS iwS
s\ er| | few| - T|xl,7xy\ +exp| — 7\x0+xy| , X, > Xy

ioS

1,

H, (
xp| —

VT €

where Mg is the sensitivity of head response G(x,,t) on S, i.e., the Fréchet
kernel of heterogeneous storativity on complex frequency response G(x,
), which is also a complex number.

4.5. Sensitivity of G toT

Recalling Eq. (24), since the spatial derivative is involved as the
“source term”, we also examine the following governing equation with
the source term inside the spatial derivative term:

0 95(x — xy .
Tﬁ:| . |:7(an al ):| = le¢G

g G
Ox ox

Ox G4

G iwS S
x . = H, e < =1/ Txy> (36)
Similar to Eq. (33), we can directly obtain the solution as:
(33) My = ¢g(x,, ; xy)
37)

iwS inl ) /in‘ | -
it exp 7 o —ay exp 7 o = x| ] X <y

where My is the sensitivity of head response G(x,,t) on T, i.e., the
Fréchet kernel of heterogeneous transmissivity on complex frequency
response G(x,w), which is also a complex number.

4.6. Sensitivity of complex frequency response and their properties

The complex spatial sensitivity functions Ms and Mr (solutions in
Egs. (33) and (37)) contain both sensitivities of amplitude (A¢) and the
phase shift (Pg) with respect to parameter Y. Assuming G = ag + bgi,
the complex frequency response function of sensitivity My = ay + byi,
according to Cauchy-Riemann condition, we can get:

(a) Frequency Domain
F
- —a%
g 08 —Ag,
3 t,=20d . Ag
= 061 R?=1.00 RMSE=0.005
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2041
g R?=1.00 RM SE=0
< 02 R2=0.99 RMSE=0.009
0 | 1 A L l 1 T |
, (b) Time Domain
—HF
F
o8 £,=20d —H,
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§ 04l tp=2d
T R?=1.00 RMSE=0.013 ..
02k < _&*=0.99 RMSE=0.027 = -
0 L L ]

0 10 20 30 40
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Fig. 3. (a) Amplitude calculated by Fréchet kernels A%, versus actual amplitude Ag in the heterogeneous aquifer and amplitude calculated in the aquifer with mean
value Ty and Sy, AL, versus actual amplitude Ag in the heterogeneous aquifer under two periods t, = 2d and 20d. (b) Head calculated by Fréchet kernels HF versus
actual amplitude H in the heterogeneous aquifer and amplitude calculated in the aquifer with mean value T, and Sy, H} versus actual amplitude H in the het-
erogeneous aquifer under two periods t = 2d and 20d. Pearson correlation (R?) and root-mean-square error (RMSE) are evaluation indexes.
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Fig. 4. (a) RMSE between amplitude calculated by Fréchet kernels A, versus actual amplitude Ag in the heterogeneous aquifer under two periods t, = 2d and 20d
under the different o/u of T and S normal distributions. (b) RMSE between head calculated by Fréchet kernels H versus actual head H in the heterogeneous aquifer
under two times t = 2d and 20d under the different /u of T and S normal distributions.
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Fig. 5. (a) Dimensionless storativity kernel Fs" for the dimensionless observation point at xo =1 for dimensionless times ¢t = 0.1, 0.2, 0.5, 1, and 5; (b) the

dimensionless storativity kernel reaches its minimum value at a time of ts” ~ 0.45 for the parameter location at xy = 1.

0A 0Ag 0A
5 =—Cay+=Cby

W - Oagay abg

(38)

O0P; 0P, oP,
=6 Jrbey

Y dag" " obg

(39)
9Pg bg 0P¢ _ ag

dae = Ac’ e — Ag’ dac TAGD B — agh and Ag = \/ Cl(,:2 + bGZ.
An explicit form for the sensitivity of amplitude and phase shift is pro-
vided in Appendix B, where Ag [dimensionless], A [L'2 T], Ps [L'l], and
Py [ T] represent separately amplitude and phase shift Fréchet kernels

to storativity and transmissivity.

A _ ag 0Ac _ bg 0Pg

where

5. Verification of Fréchet kernel

According to the meaning of Fréchet kernels, total sensitivities I, at
X, for the homogeneous aquifer in Section 3 is the spatial integral over
the whole flow region of the corresponding Fréchet kernel:
+-00
= [ Pl (40)
0
There is a significant difference in sensitivities for homogeneous and

heterogeneous aquifers. For heterogeneous aquifers, sensitivities
(Fréchet kernels) measure the responses at x, to perturbations in T(xy)

or S(xy) at the location of xy and are equal to spatial weighting functions
with the variations of the parameters at specific location. For homoge-
neous aquifers, sensitivities refer to the responsiveness of a model’s
output or observation (such as hydraulic head, amplitude, and phase
shift) to changes in model parameters across the entire domain of the
aquifer.

Approaches to calculate sensitivities or head/amplitude in a het-
erogeneous aquifer by the Fréchet kernels are presented in this section,
where the two cases prove the correctness of the Fréchet kernels as well
as provide examples illustrating the application of the Fréchet kernels in
heterogeneous aquifer scenarios.

5.1. Sensitivities calculated by perturbation versus Fréchet kernels

In this case, the resulting sensitivities of H and A¢ by perturbation or
Fréchet kernels (Eq. (10)) for the time domain (Fig. 2(b) and (c)) or the
frequency domain (Fig. 2(d) and (e)) are shown, with T and S hetero-
geneity shown in Fig. 2(a) versus T and S homogeneity. Of course, under
T and S heterogeneity, the two parameters satisfy the stationary
assumption in geostatistical theory.

We find the lines calculated by Fréchet kernels coincide perfectly
with the actual sensitives calculated by the perturbation method under T
and S homogeneity, verifying the correctness of Fréchet kernels.
Although the actual sensitives calculated by the perturbation method
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Fig. 6. (a) Dimensionless transmissivity kernel Fr" for the dimensionless observation point at x; =1 for dimensionless times t* = 0.1, 0.2, 0.5, 1, and 5; (b) the
dimensionless storativity kernels reach their minimum value at a time of t;o" = 0.5 and t;1” ~ 0.45 for the parameter location at x; =0and xy = 1*.
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Fig. 7. (a) Dimensionless storativity kernel As” for the dimensionless observation point at x; =1 for dimensionless periods tp* = 0.5, 2, 3, 5, and 8; (b) the

dimensionless storativity kernel reaches its minimum value at a dimensionless period of t,s" ~ 3.57 for the parameter location at xy = 1.
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Fig. 8. (a) Dimensionless transmissivity kernel Ar’" for the dimensionless observation point at x; =1 for dimensionless periods tp* = 0.5, 2, 3, 5, and 8; (b) the

dimensionless transmissivity kernel reaches its minimum value at a dimensionless period of tpmﬁ ~ 4.44 and tyr; * ~ 3.57 for the parameter location at xy =0 and

xy = 1.
cannot coincide perfectly under T and S heterogeneity, this result may

show that the Fréchet kernels can guide the calculation of sensitivity in
the heterogeneous aquifer to some extent.

5.2. Relating Fréchet kernels to H orAg

In this case, according to Knight and Kluitenberg (2005) and

Pechstein et al. (2015), we show through the Fréchet kernels as spatial
weighting functions, the Ag and H in a specific heterogeneous aquifer
can be calculated through the perturbation technique. Here, the
parameter Y is defined as a spatial random function that can be split into
a uniform mean Yy, and a series of perturbations Y(xy). The head or
amplitude at a particular location x, in the heterogeneous aquifer is
equal to the head or amplitude in the homogeneous aquifer, minus a
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Fig. 9. (a) Dimensionless storativity kernel Ps” and (b) transmissivity kernel P;" as a function of the logarithm of x} for the dimensionless observation point at x; =

10° for dimensionless periods t,” = 0.5, 2, 3, 5, and 8.

Fig. Al. Schematic of the solution by the method of image wells. For a pulse of
flux q at xy, streamlines are shown as yellow lines and affect the sensitivity ¢,
of an observation position, x,. To make ¢,(x,0) = 0, an image well is located at
the reflection of xy to simulate a no-flow boundary.

spatial convolution integral in terms of the transmissivity and storativity
perturbations ?(XY), respectively. The Fréchet kernels Fr and Fs are

spatial weighting functions of the perturbations of T(xy) and S(xy).
Suppose hydraulic parameter Y(x) (e.g., T(x) and S(x)) are functions
of location x. Y(x) can be viewed as uniform mean values Y, and a

perturbation term Y (x), which can be expressed as
Y(x) = Yo +¥(x) (41

The status variables Hf (x,, t) or AE(x,,t) at a particular location x,

arising from Y(x) perturbations can be formulated as a convolution in-
tegral minus a uniform status variable as follows:

H (x,1) = HY (x,,1) — / Fy(y, 29, 1) T (xy )y — / Fo(, 67, 08 (e )dxy
(42)

AG (%o, 1) = Ay (X0, 1) — /AT(xmeJ)?(xY)de - /As(XmXYJ)E(XY)de
(43)

with xy being the position vector of a particular anomaly in T, where Hf,
and AL, are equal to the head or amplitude in the homogeneous aquifer

10

with mean value T, and Sy calculated by Egs. (3) or (8), i.e, Hg =

Hgerfc <;f%) and AL, = Hsexp< 7\/‘5’:%%). H; represents the elevation
of the river stage rise or amplitude at the boundary, where H; = 1m in
this case.

The resulting head and amplitude under different times or periods
are shown in Fig. 3(b) and (c), with T and S heterogeneity shown in
Fig. 2(a). The state variables (H* and AL) obtained via Eqs. (42)-(43) are
close to the real head (Fig. 3(b)) and amplitude (Fig. 3(c)) of the het-
erogeneous aquifer obtained directly by solving the groundwater flow
equation. On the one hand, it can prove the correctness of Fréchet ker-
nels; on the other hand, it provides examples illustrating the application
of Fréchet kernels to heterogeneous aquifer scenarios.

Fig. 4 shows a specific case when the distributions of T and S satisfy
o/p = 0.5. By scaling the value of T and S in Fig. 2 (a), Fig. 4 compares
the RMSE between AL, or H and actual Ag or H under different o/u
values of normal distributions for frequency and time domains. With ¢/u
(and hence variance) increasing, higher- order perturbation terms
cannot be neglected and the Fréchet kernels based on the homogeneity
hypothesis do not gradually apply.

6. Dimensionless versions of the Fréchet kernels and their
properties

6.1. Case 1: Head response
According to Eq. (23), dimensionless versions of the storativity ker-

nels for time response can be defined as:

XS
Fg mt;
H As(x XY)

s

Py (xk

S lxy) = (44

Fig. 5(a) shows the behavior of the dimensionless storativity kernel
Fs" as a function of x}, at various dimensionless times t". It shows that for
each t', the Fréchet kernel of S is always negative and its magnitude
increases from zero at x, = 0 to a peak and then decreases to zero as xy
increases. It reaches the highest negative peak value approximately at
t' ~ 0.5. Afterward, it decreases and the shape of Fs" broadens. As t*
increases, the position where Fs" reaches its maximum negative value
deviates to the right of x, = x; =1, as shown by t" = 5.

Physically, the negative value implies that if the observed head is
higher than the head derived from the mean S values, the actual S values
in the area between the river and the observation location must be
smaller than the mean S value (Wang et al., 2017). Nevertheless, at late
times, the kernel is spatially uniform over a large area including the
boundary and observation point. The above result agrees with the
dimensionless storativity kernel for a cross-hole pumping test in a 2-D,
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unbounded aquifer along the direction joining the pumping and obser-
vation points (Knight and Kluitenberg, 2005). Furthermore, the shape of
the negative area is not symmetrical about the midpoint between the
observation point and the boundary due to the flow from the river to the
observation location, which leads to the deviation of the late maximum
position. In a pumping test in a 2-D domain studied by Sun et al. (2013),
the shape is radially symmetrical about the midpoint.

At the observation point x, (i.e., x, = x, = 1), the time when the
maximum negative value occurs can be derived by letting the time de-
rivative of the Fréchet kernel equal to 0,

OFs" (x,151)
e 45
ot “5)
It can be shown mathematically that this is equivalent to
(20 =2t ) —ewp( =) (1 =265 =0 (46)
“p 41‘5* § “p 4[5* $/

The root of Eq. (46) is ts" ~ 0.45, which is the time when the
maximum negative Fréchet value and singularity occurs (Knight and
Kluitenberg, 2005).

Fig. 5(b) shows the behavior of Fs", at the location xf, = l,as a
function of t'. The magnitude of the kernel increases rapidly to a
maximum negative value at a time of ts" and then slowly decreases to
zero.

The transmissivity kernels for time response can be defined as:

'(02 ( t )
Fr(x,,t;x
H, "oy

Fr'(x),;x,) = 47)

Fig. 6(a) displays the transmissivity kernel F;" as a function of t* at
different x; values. Different from the sensitivity for S (Fig. 5(a)), its
behavior exhibits a positive sensitivity zone before the observation
location, and a negative zone after the location and a discontinuity exists
at the location. The positive value inside the region x; < x, suggests that
the T values in this region must be larger than the mean T if the observed
head is higher than that based on the head calculated by the mean T and
vice versa. On the other hand, if the head is higher than that based on the
mean T, the T values in the negative region (x} > x,) must be lower than
the mean T.

The maximum positive kernel is at the boundary, while the
maximum negative kernel is at the observation wells for all times (Fig. 6
(a)). Both the maximum values (either positive or negative) occur at a
time of approximately ¢ ~ 0.5. Unlike the cross-hole pumping test in a
2-D, unbounded aquifer, singularities at the pumping well come under
infinite time (Knight and Kluitenberg, 2005; Leven and Dietrich, 2006).
The difference is mainly induced by the difference of boundaries. The
head variation is induced by the Dirichlet boundary in our case, but by
the Neumann boundary (e.g., a constant pumping rate) for a pumping
test problem. As a result, different flow fields lead to different sensitivity
patterns.

At the boundary point x, = 0, and the observation well (x; = 1%),
the time when the maximum occurs can be found analytically by letting
the time derivative of the Fréchet kernel equal to 0,

OFy" (x;,17;0)
Otro”

OFy (x;,1"51%)

0’

=0 and
an T

=0 (48)

It can be shown mathematically that this is equivalent to

1 N 1 9
- — (1 —2¢ =0 and — - — =0
exp( 7 ) ( 70 ) an exp< I ) + exp( P *)

(49)

The roots of Eq. (49) lead to tr," = 0.5 and 1" ~ 0.45. Fig. 6(b)
shows the plot of F;" at the locations of x, = 0 and x; = 1*, varying
with dimensionless times t'. As in Fig. 6(b), the singularity at the
boundary (near the maximum positive value) and observation wells
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(near the maximum negative on the right) occurs at a time of tro" = 0.5
and tr;" ~ 0.45. The time corresponding to the negative singularity of
the transmissivity kernel is the same as that of the storativity kernel, i.e.,
trn” =ts". And the time corresponding to the positive singularity at the
boundary is the same as that of the sensitivity in the homogeneous
aquifer (Section 3), i.e., tr,” =ty = 0.5. The times of the occurrence of
the negative and positive singularities of the transmissivity kernel are
similar, i.e., there is not much difference between the values of t;," and

tr .

6.2. Case 2: Amplitude for tidal response

In order to obtain a dimensionless kernel of amplitude and phase
shift, dimensionless frequency " is defined in Eq. (11):

¥ S
0 =1\
T

According to Eq. (B6) in Appendix B, dimensionless versions of the
amplitude kernels for frequency response to storativity can be defined
as:

(50)

X8
—As(x,, 15
7 (%0, 13 Xy)

s

A (X, 0" x,) = (5D

To compare Fréchet kernels for the tidal fluctuations at different
frequencies and the head at different times, we replace »* with the
dimensionless period, t,", among which t," = 2% in Fig. 7(a). Similar to
the shape of the kernel in time in Fig. 5(a), the periodic kernel is
negative within the region, x}, < x,. However, different from the time
kernel, the absolute sensitivity value along x;, is not monotonic within
the region, x}, < x;, as shown by t,” = 1 and 2. There are positive kernel
values at x;, > x;. The explicit form of A" reveals a triangular function
that renders the kernel values to become non-monotonic and oscillate
positively and negatively, though the amplitudes in the homogeneous
aquifer reveal a monotonic exponential attenuation (as shown in Eq.
(9)). The positive value implies that if the observed amplitude is higher
than the amplitude derived from the mean S values, the actual S values
outside the observation location may be greater than the mean S value,
which is different from the head Fréchet kernel in the time domain as
shown in Fig. 5(a).

Similar to the time kernel, the period when the maximum negative
value occurs is found through,

0As (X, @3 1)
ow”
where, it can be shown mathematically that this is equivalent to
(a}'ﬁ V2 ) exp (\/i w) + (\/ﬁ — Swﬁ)sin (\/5 af)
+ (\/5 - w*)cos(\/i w*)

=0

=0 (52)

(53)

The root of Eq. (53) is given by w" =~ 1.76 corresponding to
tys” ~ 3.57.

Fig. 7(b) shows the plot of Ag" at the location of x'; =1, as a function
of the dimensionless period t,". Compared to the time kernel in Fig. 5(b),
at small periods, the kernel value is almost 0 and does not change with
t," as dramatically as the time kernel. At high frequencies (e.g.,t," =
0.5), the pressure wave dissipates quickly, and the wave cannot travel
very far, resulting in a sensitivity of almost 0, as shown in Fig. 7(a).

According to Eq. (B7) in Appendix B, dimensionless transmissivity
kernels for frequency response on amplitude can be defined as:

B

w, w N x,T
Ar (x,,0 ;5 xy) = FAT(X(MI:,XY) (54)
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Its behavior is displayed in Fig. 8(a). Similar to the shape of the
kernel in time in Fig. 6(a), the observation location divides the kernel’s
behavior into two distinct parts. For the region x;, < x,, the kernel is
positive along x; and decreases non-monotonically as t,” increases. In
the region x}, > x;, the kernel is primarily negative at locations close to
the observation point, then increases rapidly until it becomes slightly
positive and decreases to zero at large distances. Consequently, a large
amplitude of the observed response at the observation point would
suggest a high T value within the x}, < x, region or vice versa. On the
other hand, in the region xj, > x, where the kernel’s values are negative,
a large amplitude of the observed response at the observation point
would suggest a low T value within the region. Beyond this negative
region, the areas with small rises but diminishing positive humps may be
positively correlated with the large amplitude at the observation point.
However, the likelihood is small due to their small kernel values, thus
they can be ignored.

The periods when the maximum values occur at xj, = 0, and xj, = 1+
can be determined using

0Ar (¥, »";0) d 0Ar (X, 0";1%)

dory =0 an dor =0 (55)
That is,
exp( — \/;a)mj (\/za)mk — 2) =0 and
exp(x/ia)ﬂj (wn* - \/ﬁ) + (\/i - Sa)ﬂ*)sin(\/?wrf) + (\/ﬁ
- a)T]*)cos(\/ia)ﬂ*)
-0 (56)

The roots of Eq. (56) are wr,” = v/2 and wr,* ~ 1.76, corresponding
to tyro” &~ 4.44 and " ~ 3.57.

Fig. 8(b) shows the plot of A7" as a function of t; at two locations,
xy =0 and x, = 1*. Compared to the time kernel varying with ¢ in
Fig. 6(b), the kernel value for amplitude to transmissivity does not
change with t," as dramatically as the time kernel, indicating that the
amplitude is not as sensitive to the T heterogeneity as the head in the
case of a rise in river-stage. The period corresponding to the negative
singularity of amplitude kernel to transmissivity is also the same as that
of storativity kernel, i.e., tyr1” = tps" (Fig. 7(b)). And the period corre-
sponding to the positive singularity of amplitude kernel to transmissivity
is also the same as that of the sensitivity in the homogeneous aquifer
(Section 3), i.e., bhro' = tpror =~ 4.44.

6.3. Case 2: Phase shift for tidal response

According to Appendix B and Egs. (B8) and (B9), dimensionless
versions of the storativity and transmissivity kernels for frequency
response on phase shift can be defined as:

Ps" (x27 a)*;x:,) = Sx,Ps(x,,1;xy) (57)

P, (x""

0 ©3y) = T, Pr(x,, 1; xy)

(58)

Fig. 9(a) and (b) show the behavior of the dimensionless storativity
and transmissivity kernels Ps" (xy, t,”) and Pr (x}, t,") as a function of
the logarithm of x}. We find that Ps” is negatively related to variations of
S for x}, < x, and alternates between positive and negative changes at
the 0-valued point outside the x;, which is the same as Ag”. There are
some differences from Ag’. First, the Ps* kernel varies more drastically
than As". Secondly, the Ps” kernel has a flat trend for x; < x with
t,"—c0. The shape of the P;” kernel is the same as A7, but the P;” kernel
varies more drastically and has an infinite peak around the point x;, = 0
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7. Conclusions
The conclusions of this study are as follow:

(1) Previously, the explicit form of traditional Fréchet kernels in the
time domain was limited to two-dimensional pumping test
problems. This study is the first to derive Fréchet kernels for a 1-D
semi-infinite aquifer, which is very important for characterizing
aquifers under the influence of reservoir impoundment and river
channels.

Different from previous studies that provided an explicit form for
Fréchet kernels in the time domain, we derive the Fréchet kernels
in the frequency domain to solve for the sensitivity of periodic
head characteristics (amplitude or phase shift) to parameters.
This result is of great significance and practical use for charac-
terizing aquifers under the influence of tides.

The hydraulic head or amplitude Fréchet kernels to S or T in the
case of river stage rise and tidal variation have common features:
similar spatial patterns for S or T over time or period. For S, the
Fréchet kernels start from O at the boundaries, then become
negative continuously to the observation point. For T, the
observation location divides the kernels into two regions of
negative and positive sensitivity values, and a discontinuity exists
at the observation location. This means that the joint estimation
of spatially distributed T and S based on head/amplitude obser-
vations alone can be challenging because both T and S influence
the observations, yet their effects can be difficult to disentangle.
Based on the analysis of the temporal/periodic Fréchet kernels
between head/amplitude observed at an observation location and
T and S everywhere in the aquifer, we recommend an optimal
dimensionless time (tr1" = t5") or period (1" = t,s") that the
observations are the highest value for use in parameter estima-
tion (i.e., observation location and boundary).

(5) Although Fréchet kernels of amplitude and head have similar
spatial patterns for S or T over time or period, there is difference
for head or amplitude data to characterize the spatial distribu-
tions of hydraulic parameters. The amplitudes in a homogeneous
aquifer show a monotonic exponential attenuation, Fréchet ker-
nels show positive and negative variations behind the observa-
tion point, a property that Fréchet kernels of head response do not
have.

Joint interpretation of multi-time or multi-frequency data can be
more instrumental than single observation in hydrogeological
parameter inversion because multi-frequency or multi-time
Fréchet kernels can yield different characteristics of head or
fluctuation responses to parameter perturbations.

(2

—

3

(€]

©)

Although the limitation of this study is that the derivation is based on
the stationary assumption in geostatistical theory and small variance,
the analytical solutions for Fréchet kernels for hydraulic head and tidal
responses can be generalized to hydrologic or geophysical inversion and
help guide the monitoring well network design. Moreover, the analytical
solution is expressed as explicit functions without a convolution inte-
gration, which can be easily applicable to interpret and estimate
spatially averaged parameters as spatial weighting functions.
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The solution to Eq. (19) takes a form similar to the derivative of Eq. (1) with respect to t, but there are differences in the boundary conditions
between these two equations (H(0,0) = H; in Eq. (1), but ¢4(0,0) = 0 in Eq. (19)).
The fundamental solution without considering the initial condition, boundary conditions, and source term is:

\/5 —(x — xy)2 i
Po generat = _CHW&XP D Y

(A1)

where Cy is defined by the boundary conditions for a semi-infinite domain. Eq. (A1) is equivalent to taking the partial derivative of Eq. (4) with respect
to t, in order to solve the Dirac delta function, §(t —0) in Eq. (19) (Zha et al., 2020). §(x —xy) can be regarded as an inner discontinuous flux condition

and can be written as (Gunduz and Aral, 2005):

T ad)o,geneml
ox |

‘y Ay

T ad)O,ge/mml
ox

=5(t—0)

(A2)

Integrating both sides of this equation and Eq. (19) with respect to t, and making [ @ generar @t = CH%ﬁ ierfc (ﬁb_{ |x — xy| ), Eq. (A2) can be written

as:

T a f ¢U.genm‘a1dt

T () f ¢O,g€nemldt
ox

_ Ox

Xy

=1

+

Xy

1

According to Eq. (A3), we get Cy = 5.

(A3)

Now, ¢ generat = - %exp (’(’;;D’?)j t1/2 can satisfy Eq. (19). To make it satisfy the boundary condition (i.e., ¢(0,0) = 0), we adopt a method

based on modified image wells in which the flow moving toward (or away from) the boundary is modified by its current image well to simulate a no-
flow boundary (Fig. A1) (Moon and Fernandez, 2010; Sridharan and Hein, 2019; Zhou et al., 2022). Assuming to be implicit in the spatial density
structure is the image source corresponding to the type of boundary condition at xy, with flux ¢ = —§(t —0).

According to the method of image wells, in its most general form, the fundamental solution of Eq. (19) with boundary condition (Egs. (15.a) and

(15.b)) with ¢y replaced by ¢,) for the sensitivity is:

1 vD 7‘Xy—X|2

o = — = ~=[exp( ,M
o= Tor 2PN ans

4Dt

)12 — exp( )2

Appendix B. Fréchet kernels of the amplitude and the phase shift

(A4)

The complex frequency response functions Mg and My (solutions in Egs. (33) and (37)) contain both sensitivities of amplitude (Ag) and the phase
shift (Pg) with respect to the parameter Y (i.e., S and T). Next, we derive the Fréchet kernels of the amplitude and the phase shift for S.

Recalling Eq. (33), for xy < x,, it can be written as:

Mg = ——\/—exp

H, oS (77,'
28V T

Zi> |:exp< - g—;(i—l— 1)(x,,)> - exp( - ;)—;(H- 1)(x, + 2Xy)> :| (B1)

For the complex frequency response functions Ms, considering its real parts Re(.) and imaginary parts Im(.) separately, we can get:

ay = RE(M_g)
T sV P T Vot )% e Vart ) TasV TP o o T JEOS g T g e T A

by = Im(Ms)

(B2.a)
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H, |oS S [ S S S (r S
=3¢ Texp( — \/ZTX"> sin <4 - ﬁx > +— s \/ —ex p< \/ﬁ(x(, + 2xy)> sin <4 - ﬁ(x(, + 2)Cy)> (B2.b)

For the complex frequency response function, G at the location x,, according to Eq. (8), we can get its amplitude (A = H,exp( —ax,)), and
considering its real and imaginary parts separately, we obtain:

ag = H:exp< — ngﬁxo) cos( — ;LTgxu> (B3.a)
bg = Hsexp< —1 /;J;:xa> sin( - ;);xo> (B3.b)

According to Eq. (38), the Fréchet kernels of the amplitude (As) to S can be directly derived for xy < x,:

Re(Ms)ag + Im(Ms)bg
Ag

H, oS S g2 H, |wS S T 2m8
i Y baiad . Y s 22 os| X 222 B
~3s exp( 2Tx,)> ws( ) + 25 exp( T (o, + 2xy)> cos <4 T xy>7 xy < X, (B4)

and, the Fréchet kernel of the phase shift (Ps) to S is (Eq. (39)):
—Re(Ms)ag + Im(Ms)bg
(Ac)?

1 oS . (71') +1 S 208 e 208 < (B5)
= 2S\/Tsm ) ZSHTEXP 1/ T Xy |sin ) 1/ T xy |, xy < X,

Similar to the above derivation, we can derive the Fréchet kernels of amplitude and the phase shift with respect to S and T, i.e., As, Ps, Ar, and Pr.
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